Referee Report

Entanglement generation between field modes mediated by a fluctuating conducting
wall

Summary

The manuscript studies a one-dimensional cavity divided into two sub-cavities by a movable perfectly
conducting wall. The wall has finite mass, is harmonically bound near an equilibrium position,
and is quantized together with two massless scalar fields, one on each side. The authors use a
two-cavity generalization of the Law Hamiltonian to describe an interaction that is linear in the wall
displacement and quadratic in field variables. They compute the dressed ground state to second
order in this effective interaction, trace over the wall degree of freedom, and use negativity to
diagnose entanglement between field modes on opposite sides of the wall.

The main analytical result is an explicit expression for the two-mode negativity between mode
k in the left cavity and mode j in the right cavity, allowing for asymmetric cavity lengths /; and
lo. The mechanism identified is physically clear: the moving wall mediates correlations between
the two sides, and after partial transposition the vacuum-to-two-pair coherence in the reduced
field state produces a negative eigenvalue in the relevant two-dimensional block. The paper then
specializes to the symmetric configuration, discusses the dependence of the result on wy, M, Ly,
and mode frequencies, and presents a finite-mode numerical study of the negativity between the
two multi-mode fields.

The topic is interesting and timely. It connects boundary quantum field theory, optomechanical
Hamiltonians, dynamical Casimir physics, and entanglement generation in vacuum-dressed ground
states. The paper is also pleasantly focused: it has a definite model, an analytic result, and a
numerical extension. I think the work has the potential to be publishable in a venue such as PRD,
provided that several substantial points are clarified. At present, however, the manuscript leaves
too much of the derivation and regularization implicit for the central quantitative claims to be fully
assessable.

Recommendation

I recommend major revision. The result is plausible and potentially useful, and I do not see
an obvious reason why the paper should be rejected on conceptual grounds. Nevertheless, the
manuscript should not be accepted in its present form. The authors need to make the perturbative
expansion, ultraviolet cutoff, normalization, and numerical construction substantially more explicit.
These are not merely presentational issues: they affect whether the reduced density operator
is mathematically well-defined and whether the numerical estimates have a controlled physical
interpretation.

Assessment of Correctness and Clarity

The logical structure of the paper is sensible. Section II defines the model, extends the two-sided
Law-type Hamiltonian away from the midpoint configuration, and constructs the dressed ground
state through second order. Section III traces down to a pair of modes and derives the two-mode
negativity. Section IV extends the analysis numerically to a finite number of modes. The qualitative
conclusion that a quantized movable boundary can entangle fields on opposite sides is well motivated



by the Hamiltonian: a perfectly fixed wall would separate the two fields, while a fluctuating wall is
a common quantum mediator.

The derivation of the two-mode negativity is also convincing at the level of the stated mechanism.
In the reduced two-mode state, the terms that can produce a negative eigenvalue after partial
transposition lie in the subspace spanned by [24,0;) and |0, 2;). The diagonal population terms
compete with the partially transposed vacuum-to-|2,2;) coherence, and the condition quoted in
the text is automatically satisfied for positive frequencies. This gives a transparent physical origin
for the nonzero negativity.

However, several steps are currently too compressed. The expressions for the second-order ground
state and for the reduced field density operator involve infinite sums over modes. With the stated
coupling constants these sums appear to require a physical cutoff or a more careful renormalized
interpretation. The manuscript introduces a plasma-frequency cutoff only later in the numerical
discussion, but the density operator, the purity statement, and the analytical manipulations are
presented before such a cutoff is imposed. The authors should not leave this implicit.

The paper would also benefit from a more explicit derivation of the generalized Hamiltonian for
unequal lengths. The sign difference between the two coupling constants and the dependence on [y
and [y are central to the asymmetric result. Since previous work treated the symmetric midpoint
case, the present generalization is one of the paper’s main technical contributions, and it deserves
either a derivation in the text or an appendix.

Novelty and Significance

The paper appears to make a meaningful extension of earlier work on fluctuating boundaries and
field correlations. Prior studies cited in the manuscript considered field energy densities, Casimir
corrections, dressing dynamics, and field-observable correlations induced by a quantum moving
mirror. Here the authors ask a sharper quantum-information question: whether field modes in the
two sub-cavities are entangled after the wall is traced out. The explicit two-mode negativity formula
for an arbitrary wall equilibrium position is a useful result, particularly because it identifies how
geometric asymmetry suppresses or enhances the effect.

The significance is mostly conceptual rather than immediately experimental, since the absolute
negativity estimates are extremely small in most parameter regimes discussed. That is acceptable
for PRD if the theoretical result is made robust. The strongest contribution is the demonstration
that the ground-state dressing induced by a quantized boundary produces operationally detectable
entanglement, at least in principle. The experimental discussion is valuable, but it should be framed
more carefully because the resonance condition, the discrete cavity spectrum, the plasma cutoff,
and the validity of the perfect-conductor model constrain the same parameter ranges.

Major Comments

1. The ultraviolet cutoff and perturbative control must be specified consistently.
The normalization factor, the reduced density operator, and the purity formula all contain
sums over field modes. From the scaling of the coupling constants, these sums do not look
harmless at large mode number. The manuscript later states that a natural upper limit is set
by the plasma frequency of the mirror, but this should be introduced already when defining
the Hamiltonian and the perturbative state. The authors should say explicitly whether all
sums are cutoff at wp, whether the cutoff applies equally to both sub-cavities, and whether



the two-mode analytic negativity is insensitive to the cutoff only because all other modes have
been traced out in a particular perturbative order.

This point is important for normalization. The statement P(pr) = 1 — 4A% < 1 is meaningful
only if A? is finite and small. The authors should provide the perturbative small parameter
and the regime in which A? < 1 after imposing the physical cutoff. If some divergent terms
cancel in the two-mode negativity, that cancellation should be shown or at least explained.

. The generalized Law Hamiltonian for asymmetric cavity lengths needs a derivation.
The Hamiltonian is presented as a direct generalization of earlier one- and two-cavity models.
Since the paper’s new geometry has l; # lo, the derivation should show how the field modes
are defined relative to the equilibrium wall position, how the wall displacement changes the
two cavity lengths with opposite signs, and how this leads to the signs and prefactors in the
two coupling constants. The assumptions should also be stated: small wall displacement
compared with both /1 and I, nonrelativistic wall motion, perfect reflectivity over the retained
frequency range, and the neglect of dissipative mechanical and optical losses.

This would improve the reader’s confidence that the asymmetric negativity formula is not
just a formal replacement Ly — [1,ls in a symmetric result. It would also make clear what
happens near the limits [y — 0 or I — 0, where the formula becomes singular but the effective
model should cease to apply.

. The density-matrix and negativity derivations should be expanded. The transition
from the dressed ground state to the reduced two-mode density operator is described as
lengthy but straightforward. For such a short paper, this is a central derivation, and the
final expression is too complicated to check without intermediate structure. I recommend
adding an appendix that gives the trace over the wall, the trace over all modes except k and
j, and the handling of cases with coincident mode labels such as j = k within a single cavity.
The factors involving 2 — dy; and the numerical coefficients in the two-mode density operator
should be justified explicitly.

Similarly, the partial-transpose step should include the actual finite block whose eigenvalues
are used to obtain the negativity. The verbal explanation is good, but showing the 2 x 2
block in the {|24,0;), |0k, 2;)} subspace would make the result much easier to verify and would
remove ambiguity about which diagonal terms have been retained at leading order.

. The numerical multi-mode analysis needs enough detail to be reproducible. The
numerical section states that analytical manipulation reduces the Hilbert-space dimension from
52Nmod {0 Néod and that the density operator becomes block diagonal. This is an important
claim, but the construction of the blocks is not given. The authors should describe the basis,
the retained excitation sectors, the partial transpose used for the two-sub-cavity bipartition,
and how the negativity is computed from the block eigenvalues. A convergence check would
also be valuable: for example, showing that increasing the mode cutoff beyond the plotted
range changes the reported negativity by a controlled amount in the parameter regimes where
this is computationally possible.

The plotted multi-mode curves appear to increase slowly after roughly 30 modes, but the text
should not overstate saturation unless a cutoff-dependent error estimate is given. In particular,
the centimeter-scale case is said to require roughly 10° relevant modes, while only about 70
are included. That is a large extrapolation. The authors should distinguish clearly between
the numerically demonstrated behavior and the inferred asymptotic behavior.



5.

The phenomenological discussion should respect the discrete mode spectrum. The
analytical formula is discussed as if the field frequencies could be tuned continuously to satisfy
wr, = w; = wp/2. In a cavity, however, wy, = wck/l; and w; = 7cj/lp. For fixed Ly and realistic
wp, the resonance-like condition may be impossible for the lowest modes. The manuscript
partly acknowledges this in the micrometer example, where the minimum mode frequency is
far above wy, but the broader discussion should make this constraint explicit from the start.

It would be useful to state the geometric condition under which the lowest field mode can
approach wp/2, and to separate three regimes: resonance-compatible cavities, microscopic
cavities where all field modes are far above the mechanical frequency, and circuit-QED
analogues where the effective mode spectrum and coupling may not be the same as for a
mechanical conducting wall. The red curve in the numerical plot uses an extremely small
mass parameter; if this is meant as an effective circuit variable rather than a literal mirror
mass, that should be stated carefully.

Minor Comments

1.

The notation “N” for normal ordering is visually close to the negativity A/. A more standard
symbol such as : - - - : would reduce possible confusion.

The Fock-state normalization formula is written in continuum notation with delta functions,
while the cavity modes are discrete. This should either be adapted to Kronecker deltas or
explained as a general convention.

. The units should be standardized. The manuscript alternates between angular frequencies,

ordinary frequencies, Hz, and s~!. In several places “Kg” should be “kg”.

. The figures would be more useful if the captions specified all fixed parameters and whether

the plotted frequencies are continuous variables or discrete mode frequencies evaluated for
chosen mode numbers.

. The statement that the von Neumann entropy cannot be used as an entanglement quantifier is

correct for the mixed two-field state after tracing out the wall, but the authors should phrase
it carefully: it is not that the entropy is useless, but that it measures both entanglement and
classical/mixedness contributions for this bipartition.

. There are a number of minor language issues, for example “quite smaller values,” “dependence

from,” and “we firstly extend.” These are easy to fix but should be cleaned up before
publication.

Conclusion

The manuscript presents an interesting and likely publishable result: vacuum field modes in two
cavities can become entangled through the quantum fluctuations of a common movable wall. The
mechanism is well motivated and the analytic two-mode negativity formula is the main strength
of the paper. Before publication, the authors should make the regularization and perturbative
regime explicit, provide more details of the Hamiltonian derivation and density-matrix algebra, and
strengthen the numerical section so that the finite-mode results can be independently assessed.



