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Recommendation: Major revision.

Summary and overall assessment

The manuscript studies the small-adjoint-mass deformation of four-dimensional N'=2 U(N) SQCD
with N < Ny < 2N in an r vacuum. In such a vacuum, r quarks and N — r — 1 mutually local
monopoles condense in complementary gauge sectors. The resulting magnetic and electric flux tubes
confine monopoles and quarks, respectively. The authors propose a single two-dimensional gauged
linear sigma model whose vacua are intended to describe both kinds of strings. They then use the
four-dimensional resolvent to construct a quantum-deformed twisted superpotential, identify its critical
values with roots of the Seiberg—Witten curve, and compare kink central charges with Seiberg—Witten
periods for confined four-dimensional constituents.

The organizing idea is attractive. In particular, the use of one resolvent in the vacuum equation, the
two-dimensional central charge, and the four-dimensional period formula gives a potentially economical
description of the hybrid vacuum. The explicit U(3) and U(5) examples also aim to connect the
formalism to a concrete confinement picture. Relative to the literature cited in the manuscript, the main
novelty is the extension from the established r = N and r = N — 1 cases to arbitrary 0 <r < N — 2,
together with the claim that electric strings and confined quarks fit into the same two-dimensional
framework as magnetic strings and confined monopoles. This would be a useful and publishable result
for the supersymmetric gauge-theory and vortex-string community if established correctly.

At present, however, the principal conclusions are not yet demonstrated to the standard required for
publication. The proposed arbitrary-r world-sheet model in equation (3.16) is inferred heuristically
rather than derived. More seriously, equation (5.35), which is central to the claimed two-dimensional
determination of the gaugino condensate, is algebraically and dimensionally inconsistent as printed.
Equation (6.17), which is presented as the proof of the exact 2D—4D mass matching, contains a factor-
of-two error. The explicit U(3) root check is dimensionally wrong, and the U(5) charge network uses an
incorrect simple root and consequently assigns the wrong quarks to endpoints and junctions. These
defects appear repairable, but they touch the main claims rather than peripheral presentation. A
substantially revised manuscript should correct the algebra, delimit what is actually exact, and provide
a more secure derivation or interpretation of the proposed world-sheet theory.

Major comments

1. The status of the arbitrary-r world-sheet model must be derived or stated more modestly.

Section 3.2 arrives at equation (3.16) by moving from the r = N vacuum to a point where several
masses vanish, relabeling N — r positive-charge fields as negative-charge fields, and then adding
2(N — r) massless fields of charge +1 so that the one-loop coefficient remains 2N — Ny. Agreement
of a beta function coefficient is a useful check, but it does not uniquely determine a two-dimensional



effective field theory. In particular, it does not establish the existence, normalizability, global
quantum numbers, kinetic terms, or allowed interactions of the proposed z# and n"t4 fields.

The authors should either derive these degrees of freedom from fluctuations of the four-dimensional
string solution (or from an equivalent brane/surface- defect construction), or clearly identify equation
(3.16) as a holomorphic GLSM ansatz designed only to reproduce protected central charges. A
derivation should include the global charges of all fields, the target-space constraints, threshold
matching of the dynamical scale and theta angle, and an explanation of why no additional superpo-
tential or twisted-superpotential couplings are allowed. For Ny > N, the manuscript should also
acknowledge that the literal field-theoretic semilocal-string metric is generally described by the
zn-type model discussed in the cited literature, rather than by a weighted projective metric, even
when their protected spectra agree.

This issue is especially sharp at » = 0. There is then no squark-supported color-flavor orientational
sector and hence no conventional non-Abelian string on which the proposed 2N massless positive-
charge fields can be interpreted as moduli. If the construction at r = 0 is instead an analytically
continued surface defect or an auxiliary description of the holomorphic sector, that should be said
explicitly in the abstract, Introduction, and Conclusions. The claim to have “constructed the
world-sheet theory” is presently stronger than the argument in Section 3.2 supports.

. Equation (5.35) is inconsistent and equation (5.37) does not follow from it as printed.

Let b= 2N — Ny and a? = 4S/u. Directly setting /~X’4bD = AiLbD in equation (5.32) gives
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In equation (5.35), however, every factor mi — a” is squared once more. Those extra squares do
not arise from equation (5.32). They also make the two sides of equation (5.35) have different mass
dimensions for generic r and Ny. Consequently the condensate displayed in equation (5.37) cannot
be deduced from the printed equation.

After removing the extra squares, the large-mass limit yields a squared condition for S/u. The
authors must then explain the branch choice that reduces the algebraic possibilities to the expected
N — r physical vacua and produces the phases in equation (5.37). Since the argument uses analytic
continuation around the square-root cut, all square-root and logarithm branches should be fixed
explicitly. The statement that the same condition follows from the two special roots in equation
(5.36) should be shown rather than only asserted. This is necessary before claiming that the gaugino
condensate has been determined “entirely within” the two-dimensional description, which in any
event already imports the four-dimensional resolvent and its parameter S.

. The period identity in equation (6.17) has a factor-of-two error.

With the manuscript’s resolvent,
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one has the elementary identity
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Therefore the first line of equation (6.17), with coefficient v/2/ (i) multiplying the expression in
parentheses, is equal to a second line with coefficient v/2/(27i) multiplying z(2R — Q'/Q). The




manuscript instead uses v/2/(mi) in both lines. As written, the four-dimensional period is twice the
two-dimensional integral in equation (6.2), directly contradicting the advertised exact normalization.

With the missing factor restored, the substitution o = /22 does produce the expected equality up to
the conventional orientation factor i. The authors should correct equation (6.17) and systematically
recheck the normalization of equations (6.2)—(6.4), the residue contributions used for quark states,
and the explicit formulas in Appendix B. Because equation (6.17) is the main general proof, this
cannot be treated as an inconsequential typographical error.

. The U(5) example and the general electric-string incidence relations are wrong as
written.

The weights following from equation (B.1), restricted to the (Hsy4, Hys) plane, are
ws = (b, f), wy = (=b, f), ws = (0,—2f).
Using the manuscript’s convention v; = w; — wj41 gives
Y4 = wy — w5 = (—b, +3f),

not (—b,—3f) as printed in equation (B.5). The same wrong sign appears in the Mys charge in
equation (B.6). Correcting it propagates through equations (B.10)—(B.17). In particular,
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Thus ¢*4 and ¢°4 are endpoints, whereas ¢*4 is the junction. This agrees with the charge incidence
implied by equations (A.12)—(A.13), but not with the discussion in Section 6.2 or the present
Appendix B.

For general r, the chain of condensed monopoles has endpoints at colors  + 1 and N. Accordingly,
the endpoint quarks are ¢"t14 and ¢™4, while ¢"t24, ..., ¢V ~14 are junctions. The statement
in Section 6.2 that the endpoints are ¢V ~14 and ¢™4 is only accidentally correct in the minimal
case N —r = 2. The authors should repair the general text, all affected equations and figures, and
the interpretation of the U(5) example. The reference to AE 23 immediately before equation (B.12)
should also be replaced by the component in the stated Cartan basis.

The same incidence error affects the r = 0, U(3) discussion in Section B.2.2. With condensed M;s
and Mos, ¢*4 and ¢34 overlap one condensate each and are endpoints, whereas ¢24 overlaps both
and is the junction. The text states the reverse assignment for ¢'4 and ¢?4, so the color labels and
contour assignments in equation (B.24) must be rechecked, not merely the U(5) signs.

. The critical-point counting and the physical status of the simple-root endpoints require
a precise formulation.

For L = N — r, equation (5.25) has 2L solutions in the ¢ coordinate. Under equation (5.26), paired ¢
values can project to the same value of o on different sides of the square-root cut. Equation (5.38)



therefore gives L + 1 distinct numerical ¢ values: L — 1 double-root values and the two simple
endpoints. The text then alternates between calling paired values duplicates, treating the double
roots as single vacua, and using different contours through them to represent distinct quark states.
The natural object is a point on the relevant Riemann surface, not merely its o coordinate.

The authors should list the critical points with their sheet or ¢ labels, give the index/counting
appropriate to equation (3.16), and explain which points represent genuine string vacua. In particular,
the two simple roots e]j\[, are called vacua but also “nonexistent strings”; equation (6.10) assigns them
zero tension and the second derivative of the superpotential is singular at the branch points. A kink
interpolating to such a point is not an ordinary soliton between two physical string vacua without
further explanation. The boundary conditions and physical interpretation of these formal endpoints
should be made explicit. This is especially important for » = 0, where the entire non-Abelian-string
interpretation is already formal.

The derivation around equations (5.17)—(5.18) should also distinguish the two directions of implication.
A critical point away from a flavor pole implies a Seiberg—Witten root, but the converse requires
evaluating the exponentiated equation and fixing its branch. The exclusion in the paragraph after
equation (5.17) should be op # —mg, not op # mg.

. The paper proves, at most, a central-charge identity in a specified limit, not equality of
complete BPS spectra.

Once the normalization is corrected, equations (6.2) and (6.17) show that two formally corresponding
contours evaluate the same holomorphic central charge. This is an important result, but it does
not by itself establish that a BPS state exists for every contour, that the two- and four-dimensional
degeneracies agree, or that the states are stable in the same chamber. The manuscript does not
specify a chamber, compute BPS indices, or discuss wall crossing. Moreover, equations (6.14) and
(6.16) use a cycle index i and a color index k without giving their general map, while the text first
says that the map is unimportant and later calls it unambiguous.

The authors should either supply the missing state/cycle identification and stability argument, or
consistently replace “equality of BPS spectra” by the more precise statement that the relevant central
charges (and hence masses of states known to exist in the chosen semiclassical chamber) coincide.
The quark contour prescription after equation (6.9) also needs a reproducible derivation. The phrase
that dyonic terms are added “for consistency of our picture” is not sufficient: the logarithm branches,
square-root sheet, pole winding, orientation, and flavor charge should determine those terms without
an additional choice made after the fact.

The order of limits must be stated at the same time. The strings require y # 0, whereas equation
(6.10) breaks N = (2,2) supersymmetry and makes the kinks metastable. The protected comparison
is taken as p — 0, where all string tensions vanish. The abstract and Conclusions should therefore
distinguish exact g — 0 central charges, leading small-p continuation, and finite-yx metastable string
states. The “obvious generalization” in equation (6.10) should be derived or labeled as a conjecture.

. The explicit U(3) check and Appendix C contain errors that must be corrected before
they can support the general argument.

Substituting N = Ny = 3 and 7 = 1 into the general formula (5.23) gives
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Equations (6.5) and (B.18) instead contain A3, (ma — mg3)(ms — m1)/m3. The latter correction is
dimensionless and cannot be added to m;; it also has the wrong mass differences. The example



should be recomputed consistently from equation (5.23), and the extent to which the corrected root
affects equations (6.8), (B.20), and (B.21) should be stated.

Equation (C.4) is not a usable independent check in its current form. It uses an undefined scale
An_o, and its denominator product as printed includes the A = Py factor while placing “A # Py”
outside the product, which would make the denominator vanish. Equation (C.14) mixes mp and m;,
and equations (C.19)-(C.20) contain undefined ) where ey, appears to be intended. These formulae
should be corrected and the partial-fraction derivation of the resolvent checked line by line. The
display before equation (5.17) likewise contains y(%/2) where y(3/v/2) is required.

8. The charge-lattice discussion must respect the global gauge group and its line-operator
lattice.

Appendix A states after equation (A.6) that the coweight and coroot lattices coincide for SU(N).
This is false. For simply laced SU(N), roots equal coroots and weights equal coweights, but
the weight and root lattices differ by an index N. In the present theory the global group is
U(N) = (SU(N)xU(1))/Zn and fundamental matter is present, so the allowed electric and magnetic
charges involve correlated non-Abelian and central-U(1) components. This global information is
directly relevant to the integrality claim used to decide which strings can end on which states.

The appendix should formulate the allowed charge lattices for the stated global group, then derive
the flux quantization and endpoint decompositions in that lattice. Equation (A.4) should also retain
the cross terms in | )", AZwaP rather than replacing the expression by a sum of independent squares
without explanation. Finally, the monopole labeled j = N ~ 0 in the single-flavor and generic-r
discussions appears after only N — 1 elementary simple-root monopoles were defined. If this is
an affine-root or composite charge, it should be named and its relation to the physical monopole
spectrum explained.

Novelty, significance, and presentation

The manuscript correctly identifies the standard r = N weighted-projective description, the earlier
r = N — 1 quantum deformation, the hybrid-vacuum condensate formulae, and the general surface-defect
resolvent method as its starting points. The proposed arbitrary-r synthesis is nontrivial and interesting,
but the paper should make the division between prior results and new results more explicit. Phrases
such as “throughout the entire interval 0 < r < N7” obscure that the genuinely new construction
concerns 0 < r < N — 2, while the last two cases are imported benchmarks. A revised Introduction
should state which equations and physical identifications are new and should update the literature
discussion beyond the older works on which the construction is based.

The manuscript is generally readable and the examples are potentially useful, but the number of
index, sign, and normalization errors makes the central calculation difficult to verify. The revision
should include a global notation pass, with one symbol for each dynamical scale, a fixed convention for
cycles and sheets, and a compact table mapping each string vacuum, curve root, confined charge, and
two-dimensional kink contour.

Minor and technical comments

1. The abstract should state the actual range NV < Ny < 2N, not only Ny > N, and should separate
the new r < N — 2 analysis from the previously known r = N — 1, N cases.



10.

11.

12.

. Equation (3.18) is missing the square on |n

. In equation (2.5), the adjoint covariant derivative has malformed indices and omits the gauge-field

index on AZ.

In equation (3.5), the term inside the sum over K = N +1,..., Ny should involve |0 + mg|?|p% |2,
not |o +my|?|p|?.

"+4|. The notation near equation (3.16) also calls the
starting theory WCP(NN, N¢) in one place, although the displayed field content is WCP(N, Ny — N).

. In equation (5.15), the differentiated determinant should depend on z, not on 3. The argument

y(2/2) in equation (5.16) should be checked against P(¥/v/2) and equation (5.17).

Equation (5.12) is s Weg, not the superpotential itself. Integration constants and branches cancel
only in specified differences and should be fixed before using equation (6.4).

The claim after equation (5.38) that the formulas reproduce the r = N case is not literal because
the displayed expressions contain denominators N — r and the condensate construction degenerates
there. Treat r = N separately.

The references to equation (5.4) in the discussions after equations (6.10) and (6.17) should use the
general root relation (5.18), not the r = N relation.

Tables 1 and 2 use different orderings of /€ and Asp. If conclusions derived in the two regimes are
combined by adiabatic continuation, the authors should state the path and the assumption that no
relevant transition or wall is crossed.

In Appendix B, the gauge field named AE 23 is not a member of the U(5) Cartan basis used there.
Several statements in the same appendix should be rechecked after correcting the sign of 4.

Equation (C.17) is a dangling first line of an equality and appears to have been numbered uninten-
tionally. Equations (C.11)—(C.20) should use consistent flavor and root indices throughout.

The manuscript should distinguish a root of the polynomial curve, a point on its normalized Riemann
surface, a numerical ¢ value, and a physical string vacuum. These notions are presently used
interchangeably in Sections 5.3 and 6.

Recommendation

I recommend major revision. The arbitrary-r resolvent construction has a plausible and potentially
publishable core, and several of the algebraic problems have evident candidate corrections. Nevertheless,
the paper is not ready for publication until the proposed world-sheet theory is derived or properly
qualified, equations (5.35) and (6.17) are repaired, the U(3) and U(5) checks are redone, and the authors
distinguish central-charge matching from equality of complete BPS spectra. A successful revision
addressing these points in a reproducible way would merit renewed consideration.



