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Recommendation: Major revision

Summary and overall assessment

This paper studies how far the scalar profile of a static, spherically symmetric charged black hole
can travel in an exact moduli space outside a regular horizon. The authors reduce the two-derivative
field equations to a one-dimensional mechanical system for the warp factor χ(τ) and the moduli
ϕi(τ), with the moduli-dependent canonical charge Q2(ϕ) acting as a potential. Their principal
result is a universal charge-threshold bound: after any point at which the charge is Q0, the total
path length accumulated in portions of moduli space where Q2 ≥ Q2

0 is strictly less than
π

2
√
kN

.

The result applies also to non-extremal solutions and to disconnected portions of the trajectory
above the same threshold. A second, complementary result bounds the increase of a distance
function D when the directional derivative of Q2 and a warped extrinsic-curvature tensor obey
suitable positivity conditions. The paper interprets both bounds using the Maupertuis metric
and applies them to electric NSNS black holes and to selected dyonic charges in toroidal heterotic
compactifications.

The basic idea is elegant and useful. In particular, the monotone quantity M introduced in Section
3.3 turns the regular-horizon condition into an efficient clock for the scalar trajectory. Equations
(3.38)–(3.45) give a short and, in my reading, convincing proof of the charge-threshold bound. The
observation that only the distance accumulated above a chosen charge threshold counts makes
the statement substantially stronger than a simple monotonicity result. The directional version in
Section 4.2 also has clear potential, since it can constrain hidden attractors that are not separated
from the vacuum by a charge barrier.

The manuscript is therefore interesting and appears suitable in scope for a journal such as JHEP
or PRD. However, several claims are not presently supported at the standard required for publi-
cation. The calculation advertised as proving sharpness contains an incorrect critical point; the
multidimensional example drops a factor of kN and is not itself a regular-horizon black hole; and
the string-theory application calls a finite-coupling conclusion rigorous without establishing the
theorem’s hypotheses uniformly across the required test band. The directional theorem also needs
a more precise geometric formulation. These issues are repairable, but they affect central claims
rather than presentation alone.

Evaluation of correctness and logical structure

The reduction in Section 2 is logically well organized. Equations (2.12a)–(2.12c), the conserved energy
(2.16), and the regularity condition (2.14) provide an appropriate starting point for the later estimates.
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The one-dimensional clock used in equations (3.5)–(3.10) correctly yields the monotonic-charge
bound (3.11), subject to the stated orientation of the trajectory. More importantly, the derivation
in Section 3.3 does not require local monotonicity of Q2. From equation (3.41), M ≤ Q0/

√
kN at

the initial point, while equations (3.42)–(3.44) force the angular variable ϑ to advance by at least√
kN times the distance accumulated wherever Q2 ≥ Q2

0. Since 0 ≤ ϑ < π/2 for a regular solution,
equation (3.45) follows. This is the strongest and most convincing part of the paper.

The derivation of the directional bound is plausible once one starts with a smooth function D
satisfying (∇D)2 = 1. Under that assumption, the decomposition leading to equations (4.6)–(4.11)
gives the required differential inequality. As written, however, the discussion begins with a general
unit vector field and invokes an incorrect equivalence between geodesicity and closedness. The boxed
theorem also suppresses a sign hypothesis used in the proof. These points need to be fixed at the
level of the statement, not left implicit.

The string applications illustrate why the bounds could matter physically. The tree-level dilaton
dependence in Section 5.1 gives a comfortable positive directional derivative and positive warped
extrinsic curvature. Nevertheless, a theorem applied over a finite excursion requires control of
the couplings and their first two derivatives over that entire region, including transverse moduli
directions. Control at the asymptotic point alone is insufficient. The dyonic analysis is technically
substantial, and the invariant lower bounds (5.28a)–(5.28c) are potentially useful, but their relation
to the standard Narain or N = 4 black-hole potential and its charge-orbit classification should be
made clearer.

Novelty and significance

The manuscript builds on well-established attractor-flow and fake-superpotential methods reviewed
in references [1–7] and [22–28]. Its novel contribution is not another construction of an attractor
flow, but a local-data obstruction to a regular black-hole trajectory reaching an unknown part
of moduli space. The non-extremal, arbitrary-dimensional charge-threshold result, together with
its treatment of disconnected above-threshold intervals, appears both new and conceptually clean.
Closing the hidden-attractor loophole in the authors’ perturbative-string WGC argument is also a
worthwhile application if the required uniform EFT control is supplied.

The discussion of prior work should more explicitly identify this distinction. In particular, the
authors should compare their monotone M and path-length inequality with existing Hamilton–
Jacobi/fake-superpotential monotonicity results, and explain precisely how the new bound differs
from the scalar-excursion and gravitational-collapse results cited in references [10–14]. For the
four-dimensional heterotic analysis, a comparison with the standard duality-invariant black-hole
potential and charge-orbit literature would help establish which of the bounds (5.28a)–(5.28c) are
new statements and which are reformulations of known attractor inequalities.

Recommendation

I recommend major revision. I would be positive about publication after the authors correct the
explicit calculations, reformulate the directional theorem with complete hypotheses, and either prove
or appropriately weaken the finite-coupling string claims. The central charge-threshold theorem
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itself appears sound and significant enough to justify revision rather than rejection.

Major comments

1. The sharpness calculation in equations (3.12)–(3.16) is incorrect as printed.
Immediately after equation (3.12), the boundary value is written as M(0) = Q2

min/
√
kN ; it should

be Qmin/
√
kN , as is correctly used in equation (3.13). More importantly, differentiating equation

(3.15) for ϕ > 0 gives

tan(
√
kN ϕmax) =

√
Q2

0 −Q2
min

Qmin
.

Thus the critical point is

ϕmax = 1√
kN

arctan
√

Q2
0

Q2
min

− 1 = 1√
kN

arccosQmin
Q0

,

not the expression in equation (3.16). The printed expression tends to π/(4
√
kN ), not π/(2

√
kN ),

when Qmin/Q0 → 0. Correspondingly, the sentence asserting that an arctangent whose argument
is at most one can approach π/2 is false.
The corrected expression does support the desired one-sided limiting displacement, so this error
need not invalidate the sharpness claim. The authors should nevertheless replace equations
(3.12)–(3.16), regenerate any plot based on the erroneous formula, and explicitly distinguish the
one-sided distance ϕmax from the full width 2ϕmax of the symmetric basin. Since sharpness is
advertised in the abstract and conclusions, a complete corrected construction with a smooth,
finite-width dip in Q2 should be given rather than only the singular limiting profile.

2. The geometric hypotheses of the directional derivative bound must be stated cor-
rectly.
The paragraph leading to equation (4.8) claims that ai = n̂k∇kn̂i = 0 for a unit vector field
is equivalent to the one-form n̂i being closed. This is false in dimensions greater than two:
geodesicity of the integral curves eliminates the contraction of the twist with n̂, but it does not
eliminate the transverse twist. For example, in flat three-dimensional space the unit one-form
n̂ = cos z dx+ sin z dy has ai = 0 but dn̂ ≠ 0. For the same reason, the tensor called Kij need
not be symmetric for a general unit vector field.
The final theorem can be repaired cleanly by starting from a smooth unit-gradient function
D, so that n̂i = ∇iD and (∇D)2 = 1, rather than attempting to derive such a function from
ai = 0. The authors should also specify that the test band avoids cut and focal loci, where a
distance-from-a-boundary function is not smooth and its Hessian is not defined.
There are two further statement-level problems. First, equations (4.10), (4.13), and (4.14), as
well as the corresponding expression in Section 5.1, use the index i both as a contracted dummy
index and as a free index of Πij . The intended tensor is presumably

∇i∇jD + 1
2

(
∇kD∇k logQ2)

Πij .

Second, condition (4.7a), D′ = ϕ′
(n̂) ≥ 0, is used to establish the clock inequality but is absent

from the boxed statement surrounding equations (4.14)–(4.15). The theorem should either
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assume that the relevant segment begins with D′ ≥ 0, or define “total increase” as the positive-
direction portion beginning at the last turning point and prove that this formulation follows
from the equations. The abstract and conclusion must also mention the smooth-distance and
warped-extrinsic-curvature hypotheses; non-decrease of Q2 in a direction is not sufficient by itself.

3. The example in Section 4.4 has a missing normalization and does not yet establish
the claimed black-hole counterexample.
Equation (2.22) gives χ′ = −eχkNM . Equation (4.37) instead uses χ′ = −eχM . Keeping the
conventions of the rest of the paper, equations (4.38)–(4.39) should consequently contain

dϕ

dχ
= − α

kN
,

dψ

dχ
= − γ

kN
e2βϕ, ϕ(χ) = ϕ0 − α

kN
χ.

The exponential term in ψ(χ) retains the coefficient γ/(2αβ) after the factors cancel. The
trajectory, parameter choices, and figures 20 and 21 should be recomputed consistently. The
authors should also audit all subsequent claims that use the rate at which ϕ grows.
There is a separate conceptual issue. Footnote 19 states that the extremal trajectory has no
smooth horizon, and equation (4.39) sends ϕ to infinite distance. Such a solution is not a
counterexample within the class of regular black holes to which equations (4.1) and (4.15) apply.
If Section 4.4 is meant to prove that the extrinsic-curvature condition is necessary for a bound
on regular black holes, the authors should exhibit a family of smooth subextremal solutions
whose pre-horizon ∆D becomes arbitrarily large, with the horizon regularity condition checked
explicitly. If that cannot be shown, the section should be reframed as an example demonstrating
why the differential proof fails, rather than as a black-hole violation of the bound.

4. The finite-coupling string conclusion requires uniform control over the full test band.
Equations (5.3)–(5.9) verify the directional and curvature conditions at tree level. The statement
following equation (5.10), however, says that the resulting bound is rigorous provided loop
corrections are small at Φd = Φd,∞. This does not follow from the theorem. Conditions (4.14)
involve the metric, the gradient of logQ2, and a Hessian throughout a band of finite thickness,
and loop corrections grow as the dilaton increases. Moreover, the black-hole trajectory may
move in transverse NSNS or RR directions, so pointwise control along the pure-dilaton line is
not enough.
The authors should define a perturbatively controlled region and provide uniform estimates
on the metric and charge function, including the derivatives entering (4.14), that preserve the
required positivity everywhere in the band up to Φmax

d . The numerical assertion gd,∞ ≲ 0.1
should then be derived dimension by dimension from an explicit perturbative endpoint, rather
than presented as universal. The discussion should also distinguish the bosonic-string application,
for which reference [15] exists, from the superstring extension currently cited only as “to appear.”
Without these additions, equations (5.10)–(5.11) are persuasive tree-level estimates, but not
rigorous finite-coupling theorems.

5. The scope and assumptions of the principal theorems should be consolidated.
The paper’s strongest claims are scattered between the setup, the derivations, and the boxed
summaries. For clarity and later use, the authors should state each result once as a proposition
with all hypotheses: the two-derivative action with positive moduli metric and exact moduli; a
static, spherically symmetric solution satisfying the regular-horizon inequality; the orientation
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and interval under consideration; smoothness and positivity of Q2; and, for the directional result,
the existence and regularity of D and the sign of D′. For the charge-threshold theorem, “total
distance in regions with Q2 ≥ Q2

0” should be defined explicitly as the path-length integral over
the preimage of that set, which may be disconnected.
This would also prevent overstatement in the abstract. The charge-threshold result is genuinely
unconditional within the black-hole setup, but the directional result is not: a positive directional
derivative must be supplemented by the unit-gradient, Hessian, and orientation conditions. The
conclusions should retain these qualifications when describing applications to hidden attractors
and the WGC.
The scope of the field content also needs qualification. Equation (2.1) contains Abelian vectors
and neutral moduli. The footnote proposing a truncation to a Cartan subalgebra establishes a
useful solution sector, but does not show that all spherically symmetric solutions of a non-Abelian
theory lie in that sector; non-Abelian or charged-matter hair is not excluded by the argument
given. Likewise, the statement in Section 5.2 that gauge-enhancement loci have no effect on
spherically symmetric charged black holes requires justification or should be weakened. Unless
an appropriate no-hair or consistent-exhaustion result is supplied, the conclusions should refer to
the Abelian neutral-scalar system actually analyzed. The restriction d ≥ 4 should also be stated
explicitly.

6. The relation to established attractor and duality results should be sharpened.
The references cover the main ingredients, but the manuscript does not yet make the novelty
boundary sufficiently precise. The authors should explain whether the monotone M of equations
(3.37)–(3.43) has appeared in the Hamilton–Jacobi or fake-superpotential literature and, if so,
why the integrated above-threshold inequality is new. Likewise, the four-dimensional heterotic
potential (5.26) and the invariants entering (5.28a)–(5.28c) are closely related to the standard
Narain or N = 4 black-hole potential and its charge orbits. A direct comparison would both
substantiate novelty and help readers understand the three cases in Appendix B. The present
Euclidean-wormhole comparison is interesting, but it should not substitute for positioning the
main inequalities relative to the closest black-hole literature.

Minor comments

1. Equation (3.22) has the wrong Newton-constant factor. Since MBH = −k−1
N χ′(0), the integrated

expression should be −k−1
N χ′(0), not −kNχ

′(0). The statement that Maupertuis length equals
the black-hole mass is correct only after this repair.

2. Equation (3.24) should contain ρ2dθ2, not ρ2dθ. Equation (4.22) also appears to denote the
ordinary moduli-space metric in Gaussian normal coordinates, but labels it with the same tilde
used for the full Maupertuis metric; the notation should be corrected.

3. The quantity introduced as M in equation (3.37) is later written as M in the geometric discussion.
A single notation should be used throughout.

4. Section 5.1 says that the “intrinsic curvature constraint” is satisfied, whereas conditions (4.13)–
(4.14) concern the extrinsic curvature of constant-D hypersurfaces in a warped metric.
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5. The status of “quasiextremal” solutions should be made consistent. Section 2 requires finite
horizon moduli and nonzero area for a smooth quasiextremal black hole, while Section 4.4 applies
the same term to an infinite-distance, singular endpoint. Distinct terminology would avoid
confusion.

6. The manuscript would benefit from a careful copy edit. Examples include “arbitarily,” “pre-
ceeding,” “satisifed,” “decceleration,” “we can determine construct,” “reduce to an those,” and
“attractor basis” in the caption of figure 5. Several long boxed equations also use ≿ and ≽
interchangeably for positive semidefiniteness.

7. The captions and surrounding text for figures 5 and 6 should consistently distinguish basin radius,
one-sided traversable distance, and full basin width. These quantities currently differ by a factor
of two in the prose.

8. In Section 3.2 the equality between the geometric action and the mass assumes the standard
normalization χ(0) = 0 and the limiting behavior χ′(∞) = 0. It would be helpful to state both
at the displayed equation.

9. The claim near the start of Section 3.1 that every ϕ∞ in a compact known region with Q2

increasing at its boundaries admits a smooth quasiextremal solution that remains inside that
region is stronger than the local fake-superpotential existence statement in Section 2. This
motivational assertion should either be proved globally in one dimension or weakened; it is not
needed for the excursion bounds themselves.
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