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Recommendation: Major revision

Summary and overall assessment

The manuscript argues that the ten-dimensional genus-one effective action of Type II string theory
contains the topological dilaton coupling

∓ 1
24

∫
d10x ϕ E10,

with the upper and lower signs assigned to Type IIB and Type IIA, respectively. The proposed
mechanism is subtle and potentially important. The usual soft-dilaton theorem would multiply
a genus-one vacuum amplitude by 2g − 2 + n = 0. In the odd-odd spin structure, however, the
uninserted bosonic superghost partition function has a zero-mode divergence, so the author instead
evaluates the dilaton one-point function directly. The bulk integrand in equation (2.18) vanishes by
left-right ghost-number conservation, but the a-cycle PCO prescription appropriate near the Ramond
degeneration is not compatible with the modular S identification of the two circular boundary arcs
of the torus fundamental domain. The required vertical correction is evaluated in Section 3 and
gives ∓χ/48 from each term of the dilaton vertex, hence ∓χ/24 in equation (3.11). Section 4 argues
that the remaining spin structures vanish.

The result is then applied to a recent black-hole-index puzzle. Compactification on a Calabi–Yau
threefold and use of Euler-characteristic multiplicativity would turn the new coupling into a term
∓χCY ln gs/12, canceling equation (1.2). If established, this would be a novel and useful observation:
it would identify a concrete superghost origin for an apparent exception to the naive genus-one soft
theorem and would have consequences for topological terms in compactified Type II theories.

There is a convincing core to the calculation. Given the normalization and sign assumed in equations
(2.2), (2.10), and (2.18), the ghost-number argument for the vanishing bulk integrand is clear. The
theta-function results in equations (3.8) and (3.9) do algebraically produce equation (3.10), including
the factor from the angular interval of length π/6, and doubling the two chiral contributions yields
the magnitude χ/24. The manuscript also correctly recognizes that modular covariance of the PCO
prescription, rather than the local bulk integrand, is the essential issue.

Nevertheless, the central result is not yet established at publication standard. Most importantly, the
manuscript explicitly leaves unresolved both the sign of the dilaton vertex and the picture-dependent
sign of the RR Witten index. These are precisely the signs that determine equation (1.1) and its
Type IIA/IIB assignment. The desired cancellation of equation (1.2) is then used as evidence for
the answer, which is circular if the cancellation is the advertised application. In addition, the global
vertical-integration cycle is not fully specified, the treatment of the other spin structures depends
on special and in one case discontinuous PCO choices, and the passage from an integrated Witten
index to a unique local coupling requires further justification. These are substantial but, in my view,
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potentially repairable issues. I would be positive about publication in a journal such as JHEP or
PRD after a major revision that resolves them.

Evaluation of correctness and logical structure

Section 2 gives a useful separation between the naive bulk computation and the modular problem.
Equations (2.5)–(2.18) fix the torus, ghost-zero-mode, GSO, and automorphism conventions, and
the ghost-number count following equation (2.18) explains why no ordinary two-dimensional bulk
integral remains. The observation in equations (2.19)–(2.20) that the modular S transformation
exchanges the a and b cycles then identifies a plausible source for a seam contribution. This is a
clear logical structure and makes the physical origin of the proposed effect easy to follow.

Conditionally on the preceding conventions, the local calculation in Section 3 is also coherent.
Equations (3.1)–(3.3) implement the usual replacement of a PCO by a difference of ξ insertions on a
vertical segment. The contour difference in equation (3.8) has exactly the quasi-periodic form needed
to cancel the τη(τ)3 factors in equation (3.4), while equation (3.9) cancels the antiholomorphic
oscillator factor. Thus the reduction to a constant angular integrand is plausible and the printed
magnitude is internally consistent.

The weaknesses arise at the interfaces between these local steps. The sign and normalization entering
the first line of equation (3.4) are not derived in a convention-complete way; the global PCO chain
over the quotient moduli space is not shown to close at the elliptic endpoints and the cusp; and
the notation for I3 alternates between an antiholomorphic correlator and the complex conjugate
of a holomorphic one. Since the complete answer is a boundary term, these are not peripheral
formalities. A globally closed integration cycle and unambiguous orientations are part of the proof
of the coefficient.

Section 4 is a sensible attempt at completeness, but it currently proves vanishing only for specially
arranged PCO distributions. In particular, the piecewise prescription in equation (4.7) jumps at
s = 1/2. The revision must either replace it by a demonstrably admissible smooth prescription
or include the extra vertical segment associated with this jump. The mixed odd-even sectors also
deserve a modular-orbit and GSO-phase treatment at the same level of detail as the odd-odd sector.

Finally, the black-hole cancellation is correct in magnitude only under additional assumptions:
ϕ = ln gs in the normalization of equation (1.1), a constant dilaton on the relevant Euclidean
saddle, and an Euler-density action supplemented so that its integral on the noncompact black-hole
geometry really equals twice χCY. Those assumptions should be demonstrated rather than used
implicitly.

Novelty and significance

The proposed result connects three bodies of work that are usually discussed separately: the
ghost-dilaton form of the soft theorem, vertical integration in superstring perturbation theory, and
Euler-characteristic contributions to compactified black-hole indices. The coefficient χ/24 and its
origin in the odd-odd sector are especially suggestive. If the calculation survives the checks below,
it would be interesting to both string perturbation theorists and researchers studying quantum
corrections to BPS black holes.
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The current literature discussion is too narrow to establish the novelty boundary. The manuscript
cites the foundational soft-dilaton and vertical-integration papers and briefly mentions genus-one
topological strings, but it does not compare the proposed term with the extensive literature on
one-loop Type II higher-derivative actions and multi-graviton amplitudes. In particular, the one-loop
five-graviton analysis arXiv:0807.2421 reports the absence of an ordinary one-loop R5 interaction. A
constant coefficient multiplying the ten-dimensional Euler density is topological and therefore may
evade that amplitude constraint, while a spacetime-dependent dilaton probes different data; this is
a possible reconciliation, not an automatic contradiction. The paper should explain it explicitly.
The author should also discuss how the term fits into a supersymmetric and, for Type IIB, duality-
compatible completion, and compare its χ/24 structure with known genus-one topological-string
and compactification effects. Such a comparison is essential for assessing whether equation (1.1) is a
genuinely new local interaction, a particular representative of a known topological response, or part
of a previously known completion.

Recommendation

I recommend major revision. The mechanism and the magnitude of the local seam calculation
are promising, and the physical application is sufficiently interesting to justify revision rather than
rejection. Publication should, however, await an intrinsic determination of the Type IIA/IIB sign, a
complete global vertical-integration construction, a robust treatment of all spin structures, and a
careful statement of what local and noncompact-space information the calculation actually fixes.

Major comments

1. The two unresolved signs are part of the main result and must be fixed intrinsically.
The manuscript openly identifies two sign problems. First, picture changing the vertex in
equation (2.2) gives the pure-ghost term in equation (2.3), with the opposite sign from the
bosonic ghost-dilaton convention in equation (2.4). Second, the RR state count used to obtain
the ∓χ factor in equation (2.10) changes sign when one passes from the (−1/2, −1/2) picture,
where field strengths are counted, to an asymmetric picture, where gauge potentials are counted.
Both signs propagate directly through equations (3.4), (3.10)–(3.12), and equation (1.1).
The revision should derive equation (2.2), including the factor of four and its sign, in the same
action and Euclidean-weight convention used in equation (1.1). The picture change leading to
equation (2.3) should be displayed with the local-coordinate, contour, BRST, and Grassmann-
ordering conventions made explicit. The GSO/Witten-index trace should then be evaluated in
the same picture as the propagating states and PCO insertions used in the amplitude. If a change
of picture reverses the apparent form-degree parity, the compensating contribution from the
superghost, gauge, or zero-mode sector should be exhibited so that the complete trace is picture
independent. It is possible that the two apparent sign changes are correlated in a consistent
convention; that must be shown rather than assumed.
The cancellation of equation (1.2) cannot be used to choose the answer, because that cancellation
is the principal application of the answer. The introductory sentence saying that equation (1.2)
is expected to be correct because it cancels the unwanted term also appears to cite the wrong
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equation; presumably equation (1.1) was intended. Once the intrinsic sign is fixed, the paper
should state the Type IIB/Type IIA ordering uniformly in every displayed ∓ and ± expression.

2. A complete global vertical-integration cycle over torus moduli space is needed.
Equations (2.19)–(2.20) correctly diagnose a mismatch between the a-cycle PCO average and its
modular S image. The manuscript then inserts a vertical correction only along the arc r = 1,
π/2 ≤ θ ≤ 2π/3. This local transition is not yet a full construction of a closed integration
cycle over the orbifold moduli space. The revision should specify the PCO section in every cell
and its transition data on all identified boundaries, including the T -identified vertical sides, the
degeneration at the cusp, and the elliptic endpoints at τ = i and τ = e2πi/3. It should explain
whether stabilizer weights or endpoint terms occur.
There are two PCOs, so changing both local sections can also require higher-codimension vertical
pieces. The statement below equation (3.9) that the answer is independent of which PCO is
moved first is a useful local check, but it does not by itself prove that the global two-PCO chain
closes. The author should show independence under deformations of the vertical paths, the
arbitrary constants ci, the chosen fundamental domain, and the ordering of the two moves. Since
the theta-function correlators have poles, the argument should state which spurious-pole loci are
avoided and what prescription is used if a deformation crosses one. A regulator at the cusp is
particularly important here because the motivating odd-spin-structure partition function is itself
divergent.

3. The derivation of the numerical coefficient should be expanded and the holomorphic
notation made consistent.
The algebra from equations (3.8) and (3.9) to equation (3.10) checks: the factors of τ and η3

cancel, the interval has length π/6, and one obtains χ/48 before doubling. What is missing
is a derivation of the two contour formulas at a level that makes the coefficient reproducible.
The author should evaluate I2 − I1 from theta-function quasi-periodicity or residues, evaluate I3
before setting the two insertion points equal, and track all contour orientations and factors of 2π
in one continuous calculation.
As printed, equation (3.7) defines I3 using an antiholomorphic correlator, then writes its evaluation
with unstarred theta functions, while equation (3.4) contains I∗

3 . The paper should instead define
a holomorphic I3 and use its complex conjugate, or define the antiholomorphic quantity and use
it directly. This matters because a double conjugation would spoil the displayed cancellation
away from special values of τ . The reduction from the full PCO in equation (2.1) to the ∂̄η̄ b̄e2ϕ̄

term in equation (3.4) should also state explicitly why the total-derivative term integrates to
zero and why the remaining PCO terms cannot contribute. Finally, the claim that the second
term of equation (2.2) gives an identical, rather than opposite, contribution should be verified
with complex conjugation, orientation, and Grassmann signs displayed.

4. The vanishing argument for the other spin structures is not yet invariant under
admissible PCO choices.
Section 4 obtains zero by selecting PCO distributions with useful parity. The central choice in
equation (4.7) is discontinuous at s = 1/2: the PCO jumps from +ϵ to −ϵ. Since the PCO is not
allowed to cross the dilaton insertion at the origin, a continuous interpolation is nontrivial; the
discontinuity may itself require a vertical segment in the PCO fiber. The author should construct
an admissible smoothing or calculate the contribution associated with the jump and show that it
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vanishes. Merely integrating an odd expression after imposing the discontinuous choice is not
sufficient.
The same section should include the GSO phases and the complete modular orbit of the three
even spin structures, and should verify that the full matter-plus-ghost correlator has the parity
attributed to the superghost factor. For the mixed odd-even and even-odd cases, the short
argument following equation (4.8) should be expanded to show that the required symmetric PCO
contour is compatible with all modular identifications. Most importantly, the author should
connect vanishing for one convenient admissible section to PCO-section independence. Otherwise
Section 4 does not exclude a compensating seam contribution from another spin structure.

5. The integrated response does not yet uniquely establish the local interaction in
equation (3.12).
Equation (2.10) uses the matter Witten index to obtain the target-space Euler number, and
equation (3.11) therefore fixes an integrated response to a constant dilaton insertion. Equation
(3.12) promotes this immediately to the local term ϕE10. The revision should define the precise
normalization of E10 and of the spacetime dilaton relative to ln gs, and state the class of target
backgrounds for which the world-sheet index argument is valid.
A zero-momentum one-point function fixes less local information than a finite-momentum
amplitude. The author should discuss the ambiguity under total derivatives, local topological
counterterms, field redefinitions, and the equivalent representation of ϕE10 in terms of dϕ and
a gravitational Chern form, including boundary terms. It should be explained in what sense
the calculation selects equation (3.12) rather than only the response of the action to a constant
dilaton shift. The derivative order and the expected supersymmetric completion should also be
stated. This is especially important in Type IIB, where a term linear in the dilaton cannot be
considered in isolation from duality completion.

6. The black-hole cancellation must be demonstrated on the actual noncompact Eu-
clidean geometry.
The paragraph following equation (1.2) uses

∫
E10 = 2χCY. For a compact closed manifold,

this follows from Gauss–Bonnet and multiplicativity. The Euclidean black-hole spacetime is
noncompact and has an asymptotic boundary; the bulk Euler-density integral equals the Euler
characteristic only after the appropriate Chern boundary form and any bolt, horizon, or conical
contributions are treated consistently. A local term of the form ϕE10 likewise requires a boundary
completion if it is to have a well-posed and topological constant-dilaton limit.
The paper should evaluate the proposed coupling and its boundary term on the precise saddle
used for equation (1.2), show whether the ten-dimensional dilaton is constant throughout that
solution, and track the Euclidean-action convention stated below equation (1.1). Since the
saddle carries RR charge, the author should also explain whether RR-dependent terms in the
supersymmetric completion can contribute at the same order. It should then demonstrate the
cancellation with a sign already fixed by the world-sheet calculation. This would turn the current
consistency motivation into a genuine independent check.

7. The modification of the soft-dilaton theorem and the zero-mode regularization should
be stated precisely.
The description of the standard result as 0 × ∞ is physically suggestive, but it is not yet a
derivation of a modified theorem. The author should identify the exact step in the standard
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BRST or moduli-space proof that fails in the odd spin structure. In particular, the revision
should explain how the bosonic β-γ zero-mode volume is regulated, why the direct one-point
function is regulator independent, and how the vertical seam term is related to the boundary
term omitted in the usual soft-dilaton argument.
The assertion in the introduction that a zero-momentum dilaton insertion differentiates the
amplitude with respect to ln gs at fixed string-frame metric and fixed momenta in string units is
central to the interpretation and should be derived or cited in the normalization of equation (2.2).
A concise modified soft theorem, including its hypotheses and exceptional odd-spin-structure
term, would make the conceptual result substantially sharper.

8. The relation to known one-loop effective actions must be developed before novelty
can be assessed.
The proposed coupling is an Euler-density, five-curvature-order effect with a spacetime dilaton.
The revision should compare it with direct one-loop multi-graviton and dilaton amplitudes,
including the reported absence of an ordinary R5 term in arXiv:0807.2421, and explain why
a topological constant-dilaton term was invisible there or how the present claim modifies that
conclusion. It should also compare with the established ϵ10ϵ10 structures in Type II higher-
derivative actions and with known compactification terms proportional to the Calabi–Yau Euler
number.
The coefficient χ/24 makes the one-sentence question about genus-one topological strings par-
ticularly important; a substantive comparison is warranted. Finally, the author should state
how the term can be embedded into maximal supersymmetry, Type IIB duality, and the Type
IIA/M-theory description. These comparisons need not require a complete new amplitude calcu-
lation, but they are necessary to show that the claimed local term is compatible with established
nonrenormalization and duality results and to delineate what is genuinely new.

Minor comments

1. In equation (2.1), the final antiholomorphic PCO term contains an unbarred b. It appears that
this should be b̄.

2. The same symbol ϕ denotes the spacetime dilaton in equations (1.1) and (3.12) and the bosonized
superghost in Sections 2–4. Distinct symbols would prevent confusion.

3. Equation (4.4) is missing a closing parenthesis. The intended insertion appears to be [ξ(f2(s)) −
ξ(f1(s))]η(0).

4. In the antiholomorphic part of equation (3.3), the b-cycle argument should be written as sτ̄ + c̄4
(and similarly for the a-cycle constant), unless the unbarred arguments are an explicitly declared
shorthand.

5. The position denoted y1 in equation (3.4) should be defined there. Earlier occurrences use related
coordinates for ghost and PCO insertions, while Section 4 places the dilaton explicitly at the
origin.
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6. Section 4 says that the odd-odd spin structure was analyzed in Section 2, but its nonzero vertical
contribution is calculated in Section 3.

7. The reference in Section 4 to the “boundary τ = 1” should be replaced by the appropriate
T -identified boundary at τ1 = ±1/2.

8. The claim that the RR matter Witten index gives the Euler number, which is central to equation
(2.10), should have a direct reference or a short path-integral derivation with the chirality
conventions stated.

9. The unpublished reference listed only as Eberhardt, Gaberdiel, Murthy, and Rangamani, “to
appear,” needs a title and stable identifier if one is available.

10. The bibliography contains the orphan fragment “.16.3.079 [arXiv:2305.19916]” without authors,
title, or a corresponding bibliography item. It should be repaired or removed.

11. The manuscript would benefit from a careful copy edit. Examples include “boosnic” near equation
(2.4), repeated periods after equations (1.2) and (2.3), and “equivalence sign signifying” below
equation (4.6).

12. A short conclusion should summarize which part of the answer is convention independent, which
sign corresponds to each Type II theory after the sign audit, and what checks of the black-hole
application have been completed.

13. Material unrelated to the paper should be removed from the manuscript file after the bibliography.
It does not print, but its presence makes the submitted source needlessly confusing.
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