
1 
 

Exact Holomorphic Cayley Lumps in Eight Dimensions 

 
Graeme Donald Robertson  

Little Basing, Old Basing, Basingstoke, RG24 8AX, UK 

 

24 July 2026 

 

A class of exact self-dual solutions is constructed for an eight-dimensional sigma 

model describing four-dimensional embeddings in Euclidean space. The theory 

admits a Spin(7)-invariant Cayley four-form that generates a Bogomolny-type bound 

for the Nambu-Goto action. The saturation of this bound leads to a first-order self-

duality equation for embedding coordinates. A quaternionic polynomial ansatz has 

been shown to fail systematically by a residual sign mismatch, indicating an intrinsic 

algebraic obstruction. By contrast, the holomorphic embeddings of ℂ2 into ℂ4 satisfy 

the self-duality equation identically. The relationship between the present 

construction and the earlier work of Corrigan et al. on higher-dimensional self-

duality and Gauntlett et al. on calibrated branes is discussed. Computer algebraic 

calculations using all 480 admissible octonionic bases show that only a small subset 

calibrates a given holomorphic embedding. 

 

1. Introduction 

Self-dual-field configurations play a key role in mathematical physics. Familiar examples 

include sigma-model lumps in two dimensions and Yang-Mills instantons in four dimensions. 

In each case, a first-order equation implies full second-order equations of motion and 

minimizes the action within a fixed topological sector. 

The present work studies an analogous structure for four-dimensional embeddings in an 

eight-dimensional Euclidean space, 

𝑋𝑀(𝑥𝑎):ℝ4 → ℝ8,  𝑎 = 1, . . ,4,  𝑀 = 1, . . ,8.  

Eight dimensions are distinguished by the existence of the exceptional holonomy group 

Spin(7), which preserves a canonical antisymmetric four-form 𝛷𝑀𝑁𝑅𝑆 known as the Cayley 

form. This structure naturally leads to a calibration condition for the four-dimensional 

submanifolds. 

The main result of this paper is that holomorphic embeddings 

ℂ2 ↪ ℂ4 
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provide an infinite class of exact solutions to the Spin(7) self-duality equation. The 

construction clarifies why the earlier quaternionic polynomial ansatz in [1] nearly satisfies the 

equation but systematically fails by a single sign. 

The algebraic structure underlying the theory is closely related to the generalized self-duality 

equations introduced by Corrigan, Devchand, Fairlie and Nuyts (CDFN) in higher-

dimensional Yang-Mills theory [2]. The geometric interpretation is also closely related to the 

Cayley calibrations and supersymmetric brane constructions discussed by Gauntlett et al. [3]. 

The remainder of this paper is organized as follows. Sections 2-4 introduce the sigma model, 

Spin(7) Cayley form, and self-duality equation. Sections 5-6 discuss the quaternionic 

obstruction and holomorphic reformulation. Section 7 presents the main theorem of the study. 

Sections 8-9 discuss the explicit examples and physical interpretation. Two short appendices 

summarize the octonionic tensor construction and computational results. 

 

2. Eight-Dimensional Sigma Model 

The theory is defined by embeddings 𝑋𝑀(𝑥) with induced metric 

𝑔𝑎𝑏 = ∂𝑎𝑋
𝑀 ∂𝑏𝑋

𝑀.      (2.1) 

The dynamics follow from the Nambu-Goto action 

𝑆 = ∫ 𝑑4𝑥 √det𝑔.      (2.2) 

Variation with respect to 𝑋𝑀 yields the Euler-Lagrange equations 

∂𝑎(√𝑔 𝑔
𝑎𝑏 ∂𝑏𝑋

𝑀) = 0.     (2.3) 

These are nonlinear second-order partial differential equations (PDEs). As in lower-

dimensional self-dual systems, one therefore seeks first-order conditions implying equation 

(2.3). 

 

3. Spin(7) Structure and the Cayley Form 

Eight-dimensional Euclidean space is distinguished by the existence of the exceptional Lie 

group Spin(7), a subgroup of 𝑆𝑂(8) that preserves a unique invariant four-form, 𝛷𝑀𝑁𝑅𝑆, 

known as the Cayley form. This four-form plays a role analogous to the self-dual two-form in 

four-dimensional Yang-Mills theory, providing a natural first-order structure from which a 

Bogomolny bound may be constructed. 

The importance of the Cayley form lies in its interpretation as a calibration in the sense of 

Harvey and Lawson. Let 𝛱 be any oriented four-dimensional tangent plane in ℝ8 with 

induced volume element 𝑣𝑜𝑙(𝛱). The Cayley form satisfies the inequality 
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𝛷|𝛱 ≤  𝑣𝑜𝑙(𝛱),       (3.1) 

with equality if and only if 𝛱 is a Cayley four-plane. Such planes minimise the induced four-

volume within their homology class and therefore provide natural candidates for stable 

soliton configurations. 

The components of 𝛷𝑀𝑁𝑅𝑆 may be constructed explicitly from the octonionic structure 

constants 𝐶𝑖𝑗𝑘. This is precisely the algebraic tensor appearing in the higher-dimensional self-

duality equations introduced by Corrigan, Devchand, Fairlie and Nuyts (CDFN) for Yang-

Mills fields in dimensions greater than four. In the present work the same Spin(7)-invariant 

tensor acts on the Jacobian matrix of the embedding rather than on a gauge field strength, 

thereby providing a geometric analogue of the CDFN construction. 

For the present analysis it is convenient to identify 

ℝ⁸ ≅  ℂ⁴,       (3.2) 

by introducing the complex coordinates 

𝑍ᴬ =  𝑋²ᴬ⁻¹ +  𝑖 𝑋²ᴬ,    A = 1,..,4. 

In these coordinates the Cayley calibration assumes the standard form 

𝛷 =  (½ 𝜔 ∧  𝜔)  +  𝑅𝑒(𝛺),     (3.3) 

where 

𝜔 =  (𝑖/2) ∑ 𝑑𝑍ᴬ ∧  𝑑𝑍 A ,     (3.4) 

is the Kähler form on ℂ⁴, and  

𝛺 =  𝑑𝑍¹ ∧  𝑑𝑍² ∧  𝑑𝑍³ ∧  𝑑𝑍⁴    (3.5) 

is the holomorphic (4,0)-form. 

Equation (3.3) provides the essential link between Spin(7) geometry and complex analysis. A 

holomorphic embedding possesses a complex tangent space at every point, so the Kähler 

form and the holomorphic volume form are naturally aligned with the induced orientation. 

Consequently, the Cayley calibration is automatically saturated. This observation provides the 

geometric explanation for the exact self-dual solutions constructed in this paper. 
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4. Topological Bound and Self-Duality 

Using the Cayley form one may define the topological charge 

𝑄 =
1

4!
∫ 𝑑4𝑥 𝜀𝑎𝑏𝑐𝑑𝛷𝑀𝑁𝑅𝑆 ∂𝑎𝑋

𝑀 ∂𝑏𝑋
𝑁 ∂𝑐𝑋

𝑅 ∂𝑑𝑋
𝑆.  (4.1) 

The calibration inequality implies the bound 

𝑆 ≥ |𝑄|.       (4.2) 

The bound is saturated when 

1

4!
𝜀𝑎𝑏𝑐𝑑𝛷𝑀𝑁𝑅𝑆 ∂𝑎𝑋

𝑀 ∂𝑏𝑋
𝑁 ∂𝑐𝑋

𝑅 ∂𝑑𝑋
𝑆 = √det𝑔.  (4.3) 

Equation (4.3) is the self-duality equation used in this study. 

It is important to emphasize that equation (4.3) is not an Euler-Lagrange equation. Rather, it 

is a first-order condition, which implies equation (2.3) through saturation of the Bogomolny 

bound. 

The topological charge 𝑄 measures the oriented Cayley volume carried by embedding. Under 

suitable boundary conditions the embedding approaches a fixed configuration at spatial 

infinity, compactifying ℝ4 to 𝑆4. The charge then classifies embeddings according to the 

homotopy class of the induced map into the calibrated sector of the target space, in close 

analogy with the instanton number in the Yang-Mills theory. 

 

5. From Quaternionic to Holomorphic Embeddings 

Previous investigations of eight-dimensional self-dual embeddings were motivated by the 

close correspondence between quaternionic variables and four-dimensional Euclidean space. 

A natural class of trial solutions is therefore provided by quaternionic polynomial maps of the 

form 

𝑋 = (𝑞𝑚, −𝑞𝑛)      (5.1) 

where 

𝑞 = 𝑥0 + 𝑥1𝑖 + 𝑥2𝑗 + 𝑥3𝑘      (5.2) 

is a quaternion. 

These configurations possess many of the algebraic properties expected of self-dual solutions 

and, in explicit examples, reproduce almost all of the terms required by the Spin(7) self-

duality equation. Direct calculation, however, reveals a persistent residual contribution, 

𝛷(𝑋)  =  √𝑔  −  𝛥,     (5.3) 
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where 𝛥 consists of a small number of terms with the incorrect sign. 

Extensive symbolic calculations indicate that this mismatch is remarkably robust, appearing 

for a wide range of quaternionic polynomial embeddings. This strongly suggests that the 

discrepancy is not merely an artefact of a particular polynomial ansatz but reflects a deeper 

geometric distinction. 

Although quaternionic polynomial maps generate highly symmetric four-dimensional 

submanifolds, they do not, in general, define complex two-dimensional submanifolds of ℂ⁴. 
Consequently, their tangent spaces need not coincide with Cayley four-planes, even though 

they approximate them closely. The numerical calculations described later in this paper 

consistently support this interpretation. 

These observations motivate a reformulation in terms of complex variables. Introducing 

𝑍ᴬ =  𝑋2ᴬ−1 +  𝑖 𝑋2ᴬ,    𝐴 =  1, . . ,4,   (5.4) 

we consider embeddings 

𝑍ᴬ =  𝐹ᴬ(𝑧₁, 𝑧₂),      (5.5) 

where each function Fᴬ is holomorphic, 

𝜕𝐹ᴬ/𝜕𝑧 ᵢ =  0,    i  =  1,2.      (5.6) 

The Cauchy-Riemann equations imply that the tangent space of the embedded four-manifold 

is everywhere a complex two-plane. Such planes are precisely those on which the Kähler 

form satisfies 

𝑋 ∗ (½ 𝜔 ∧  𝜔)  =  𝑣𝑜𝑙₄.     (5.7) 

Furthermore, the pull-back of 𝑅𝑒(𝛺) has the same orientation as the induced volume element. 

Combining these two results with equation (3.3) gives 

𝑋 ∗ (𝛷)  =  √𝑔 𝑑⁴𝑥,      (5.8) 

which is exactly the self-duality condition derived in Section 4. 

The present analysis therefore identifies holomorphicity as the natural geometric mechanism 

responsible for exact saturation of the Cayley calibration. By contrast, the quaternionic 

polynomial constructions examined here consistently exhibit a residual algebraic obstruction. 

This provides a natural explanation for the systematic "near-miss" observed in earlier 

quaternionic calculations and clarifies why holomorphic embeddings furnish an infinite 

family of exact self-dual solutions. 
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6. Physical Interpretation of Holomorphic Solutions 

The preceding discussion establishes that every holomorphic embedding 

𝑍ᴬ =  𝐹ᴬ(𝑧₁, 𝑧₂)      (6.1) 

defines an exact solution of the Spin(7) self-duality equation. It is useful to understand why 

this result is geometrically and physically significant. 

The self-duality equation is a first-order condition that guarantees saturation of the 

Bogomolny bound derived in Section 4. Solutions therefore minimise the world-volume 

action within a given topological sector and automatically satisfy the full second-order 

equations of motion. As in the familiar cases of instantons and monopoles, the nonlinear field 

equations are replaced by a simpler first-order system whose solutions are energetically 

preferred. 

Unlike the four-dimensional Yang-Mills instanton equations, however, the present theory is 

formulated entirely in terms of embedding coordinates rather than gauge fields. The 

fundamental dynamical object is a four-dimensional submanifold of ℝ⁸. Self-duality therefore 

characterises the geometry of the embedded world-volume rather than the curvature of a 

gauge connection. 

The key observation is that holomorphicity aligns the tangent space of the embedded 

manifold with the complex structure of ℂ⁴. Since the Spin(7) Cayley calibration is naturally 

expressed in terms of the Kähler form and the holomorphic volume form, every tangent plane 

of a holomorphic embedding is automatically calibrated. The first-order self-duality equation 

therefore becomes a direct consequence of the complex geometry rather than an independent 

differential constraint. 

From this viewpoint, the self-duality equation does not merely admit holomorphic solutions; 

it is naturally adapted to them. The complex structure provides exactly the geometric 

information required for saturation of the Cayley calibration. 

This interpretation also explains the persistent failure of the quaternionic polynomial 

constructions investigated previously. Those embeddings reproduce much of the algebraic 

structure required by the self-duality equation but do not, in general, possess complex tangent 

spaces. Consequently, although they come remarkably close to satisfying the calibration 

condition, a small residual obstruction remains. The numerical calculations described later 

suggest that this obstruction reflects the absence of an underlying complex structure rather 

than a deficiency of the polynomial ansatz itself. 

The theorem established in the next section therefore identifies holomorphicity as the 

essential geometric mechanism responsible for exact self-duality. The result converts what 

initially appeared to be an isolated family of examples into an infinite class of explicit 

solutions generated by arbitrary holomorphic maps from ℂ2 into ℂ⁴. 
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The significance of the present result is not simply that additional explicit solutions have been 

obtained. Rather, it identifies the geometric principle underlying exact self-duality in this 

model. Earlier quaternionic constructions suggested that polynomial embeddings almost 

satisfied the Spin(7) equations but consistently exhibited a small residual discrepancy. The 

present formulation shows that the missing ingredient is holomorphicity. Once the embedding 

is regarded as a holomorphic map ℂ2→ ℂ⁴, the Cayley calibration is saturated identically, 

yielding an infinite-dimensional family of exact self-dual solutions. 

 

7. Main Theorem 

We are now in a position to establish the principal result of this paper. 

Theorem. 

Let 

𝑍ᴬ =  𝐹ᴬ(𝑧₁, 𝑧₂),    A  =  1,..,4,    (7.1) 

be a nonsingular holomorphic embedding of ℂ2 into ℂ⁴. Then the corresponding real 

embedding 

𝑋 ∶  ℝ⁴ →  ℝ⁸        

satisfies the Spin(7) self-duality equation 

𝑋 ∗ (𝛷)  =  √𝑔 𝑑⁴𝑥,       (7.2) 

or equivalently, 

1

4!
𝜀𝑎𝑏𝑐𝑑𝛷𝑀𝑁𝑅𝑆 ∂𝑎𝑋

𝑀 ∂𝑏𝑋
𝑁 ∂𝑐𝑋

𝑅 ∂𝑑𝑋
𝑆 = √det𝑔.  (7.3) 

Consequently the embedding saturates the Bogomolny bound and automatically satisfies the 

Euler-Lagrange equations of the sigma model. 

Proof. 

Since each function 𝐹ᴬ(𝑧₁, 𝑧₂) is holomorphic, the Cauchy-Riemann equations hold, 

𝜕𝐹ᴬ/𝜕𝑧 ᵢ =  0,       (7.4) 

for i = 1,2. 
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These equations imply that the differential of the embedding preserves the complex structure. 

At every point of the world-volume, the tangent space of the embedded four-manifold is 

therefore a complex two-dimensional subspace of ℂ⁴. 

This observation is the essential geometric ingredient. Complex two-planes are precisely 

those for which the Kähler form ω reproduces the induced volume element. In particular, 

𝑋 ∗ (½ 𝜔 ∧  𝜔)  =  𝑣𝑜𝑙₄.     (7.5) 

The second contribution to the Cayley calibration arises from the holomorphic volume form 

Ω. Since the embedding is holomorphic, the induced complex orientation agrees with the 

natural orientation of the world-volume, and therefore  

𝑋 ∗ (𝑅𝑒 𝛺)         

has the correct orientation and combines consistently with the Kähler contribution. 

Using the decomposition of the Cayley form established in Section 3, 

𝛷 =  ½ 𝜔 ∧  𝜔 +  𝑅𝑒 𝛺,      (7.6) 

it follows immediately that 

𝑋 ∗ (𝛷)  =  𝑣𝑜𝑙₄.      (7.7) 

Since the induced four-volume satisfies 

𝑣𝑜𝑙₄ =  √𝑔  𝑑⁴𝑥,       (7.8) 

equation (7.2) follows directly. 

Finally, Section 4 showed that equation (7.2) is precisely the condition for saturation of the 

Bogomolny inequality 

𝑆 ≥  |𝑄|.       (7.9) 

Hence every holomorphic embedding of the form (7.1) is an exact self-dual solution of the 

theory and therefore satisfies the full second-order Euler-Lagrange equations. 

This completes the proof.  

The space of exact self-dual solutions contains all holomorphic embeddings ℂ2→ ℂ⁴.  
However, the associated Cayley calibration is not realised by every admissible octonionic 

basis. Explicit REDUCE calculations over all 480 admissible bases show that, for a given 

holomorphic embedding, only four bases produce positive calibration and four produce 
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negative calibration. Thus the embedding selects a preferred discrete realisation of the Spin(7) 

structure. 

The theorem establishes that holomorphicity is a sufficient condition for self-duality. It 

explains geometrically why the construction succeeds: holomorphic maps have tangent 

spaces that are everywhere complex two-planes, and these are exactly the planes calibrated by 

the Spin(7) Cayley four-form. 

It should be emphasized that the converse has not been established here. The analysis does 

not prove that every self-dual embedding must be holomorphic. Rather, it demonstrates that 

holomorphic embeddings provide a large and explicit class of exact solutions. Whether 

additional non-holomorphic self-dual solutions exist remains an interesting open question. 

 

8. Explicit Examples 

A simple polynomial example is 

(𝑍1, 𝑍2, 𝑍3, 𝑍4) = (𝑧1, 𝑧1
2, 𝑧2

3, 𝑧2
5).    (8.1) 

More generally, 

𝑍𝐴 = 𝑐𝐴𝑧1
𝑝𝐴𝑧2

𝑞𝐴       (8.2) 

with integers 𝑝𝐴, 𝑞𝐴 ≥ 0 generate large classes of exact self-dual solutions. 

Separated-variable solutions 

(𝑍1, 𝑍2, 𝑍3, 𝑍4) = (𝑎𝑧1
𝑚, 𝑏𝑧1

𝑛, 𝑐𝑧2
𝑝, 𝑑𝑧2

𝑞)   (8.3) 

provide higher-dimensional analogues of torus-knot configurations. 

 

9. Physical Interpretation and Relation to Earlier Work 

The self-dual configurations constructed here are higher-dimensional analogs of BPS solitons. 

Saturation of equation (4.2) guarantees classical stability and automatic satisfaction of the 

equations of motion. 

The relationship to the work of Corrigan et al. [2] is algebraic. Their generalized Yang-Mills 

self-duality equations employ precisely the same Spin(7)-invariant tensor constructed from 

octonionic structure constants. In the present work the tensor acts not on gauge fields, but on 

embedding Jacobians. 

The relationship to Gauntlett, Gibbons, and Townsend [3] is geometric. Their analysis of 

intersecting supersymmetric branes emphasized the role of calibrated submanifolds and 
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Cayley geometry in M-theory. The solutions described here may be interpreted as explicit 

local Cayley-calibrated four-surfaces in a flat eight-dimensional space. 

The present construction is closely related to the work of Portugues and Townsend on sigma-

model soliton intersections arising from exceptional calibration [6]. Their analysis 

demonstrated that calibrated geometries naturally generate first-order BPS equations in 

supersymmetric sigma models. The holomorphic Cayley embeddings constructed here can be 

viewed as explicit solutions for the Spin(7)-calibrated sector. The present work emphasizes 

exact holomorphic realizations, the octonionic construction of the Cayley tensor, and the 

dependence of calibration on the choice of the admissible octonionic basis. 

The present work also connects naturally with the octonionic dynamical systems studied by 

Fairlie and collaborators [7-10]. In each case, exceptional algebraic identities reduce the 

nonlinear second-order equations to first-order systems. 

A notable computational result concerned the 480 admissible octonionic bases. Using 

REDUCE, the self-duality condition was tested against all the admissible realizations of the 

Cayley tensor. For fixed holomorphic embedding, only four bases yielded calibration and 

four yielded anti-calibrations. The remaining bases failed to satisfy equation (4.3). 

This explicitly demonstrates that the self-duality equation is not basis-independent when the 

embedding is fixed. The embedding selects a preferred Cayley structure, and only a small 

subset of admissible octonionic realizations aligns correctly with the induced tangent plane. 

 

10. Discussion 

The principal result of this study is that holomorphic embeddings of ℂ2 into ℂ4 provide an 

infinite class of exact solutions to the Spin(7) self-duality equation. 

The analysis clarifies the longstanding quaternionic near-miss: quaternionic polynomial 

embeddings approximate calibrated Cayley four-planes, but fail to achieve exact complex 

analyticity. Holomorphicity is an essential component of exact self-duality. 

Many solutions should not be regarded as pathological. Similar phenomena occurred for 

instantons and lower-dimensional sigma-model lumps. Physical relevance is expected to 

depend on the boundary conditions, symmetries, and couplings to additional fields. 

Computational analysis of all 480 admissible octonionic bases suggests a deeper geometric 

structure associated with discrete realizations of the Cayley form. In particular, the 

appearance of four calibrating and four anti-calibrating bases appears to reflect the finite 

stabilizer of the induced complex two-plane inside the admissible octonionic symmetry 

group. 

Possible extensions include dimensional reduction to G2 systems, coupling to gauge fields or 

fermions, and the study of moduli spaces and fluctuations around the self-dual sector. 
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Appendix A. Octonionic Construction of the Cayley 

Tensor 

 

Let 𝐶𝑖𝑗𝑘 denote completely antisymmetric octonionic structure constants. The Spin(7) tensor 

is constructed from 

𝛷0𝑖𝑗𝑘 = 𝐶𝑖𝑗𝑘 

and 

𝛷ijkl = 𝛿ik 𝛿jl - 𝛿il 𝛿jk + 𝐶𝑖𝑗𝑚𝐶𝑘𝑙𝑚. 

The tensor satisfies the Corrigan-Devchand-Fairlie-Nuyts identity [2], which underlies 

Bogomolny decomposition. 

 

Appendix B. Computational Results 

 

The Cayley tensor was generated explicitly for all 480 admissible octonionic bases using 

REDUCE. 

For a representative holomorphic embedding the quantity 

𝑅 =
1

4!√𝑔
𝜀𝑎𝑏𝑐𝑑𝛷𝑀𝑁𝑅𝑆 ∂𝑎𝑋

𝑀 ∂𝑏𝑋
𝑁 ∂𝑐𝑋

𝑅 ∂𝑑𝑋
𝑆 

was evaluated. 

The computation produced: 

1. 𝑅 = +1 for four admissible bases; 

2. 𝑅 = −1 for four admissible bases; 

3. 𝑅 ≠ ±1 for all remaining bases. 

The positive solutions correspond to calibration and the negative solutions to anti-calibration. 

The results explicitly demonstrate that a fixed embedding selects only a small subset of 

admissible Spin(7) structures. 

The full REDUCE programs are available from the author upon request. 
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